The effect of a modified reservoir on the nature of the quantum interference in the spontaneous emission of a driven double V-type four-level atom has been investigated. In the model used, the double V-type transitions of a driven atom interact respectively with a free vacuum reservoir and a modified reservoir, leading to the two possible types of quantum interference. The results show that the construction or the destruction of interference in the free vacuum reservoir depends on the type of the modified reservoir and the absence or the presence of interference in the modified reservoir. More interesting, it is shown that based on the presence or the absence of interference in the modified reservoir, interference in the free vacuum reservoir can be constructive or destructive if the modified reservoir is of the type of the free vacuum reservoir. On the other hand, the interference in the free vacuum reservoir is constructive, regardless of the presence or the absence of interference in the modified reservoir, if the modified reservoir is of the type of the photonic band gap. This case, therefore, can be used to control effectively the spontaneous emission and absorption spectra.
Introduction
Over the past few decades, the effect of the quantum interference between the multiple atomic transition pathways and its applications in laser physics has become one of the most significant concepts in quantum optics, because they can lead to absorption cancellation [1] , electromagnetically induced transparency (EIT) [2] , lasing without inversion and population inversion without emission [3] . For atomic media in free space, quantum interference has become the most significant mechanism for modifying the spontaneous emission and absorption spectra. Quenching of the spontaneous emission was first introduced in 1989 [3] .
However, the idea can be traced back to 1975 in the work of Dehmelt [4] . Since then, there have been a large number of papers on this subject [5] .
It is well known that the spontaneous emission and absorption properties depend not only on the energy structure of an atom but also on the nature of the surrounding environment, more specifically, on the density of states (DOS) of the radiation field [6] . From the point of view of the surrounding environment of atoms, photonic band gap (PBG) structures have been shown to have different DOS compared with a free space vacuum field [7] . The quantum and nonlinear optical phenomena in atoms embedded in PBG materials have recently attracted lots of attention due to their unexpected results. As examples, we can mention the localization of light and the formation of a single photon [8] , suppression or even complete cancellation of the spontaneous emission [9] , population trapping in two-atom systems [10] , transient lasing without inversion [11] , the effects associated with the absorption cancellation [12] and the spontaneous emission cancellation [13] . In addition, there is also current interest with regard to quantum nondemolition measurements in modified reservoirs, such as the PBG [14] .
While the spontaneous emission and absorption spectra of atoms embedded in PBG have been mentioned in a few papers [15] , most discussions are limited to isotropic PBG materials. In contrast, we focus in this paper on the effects of quantum interference on the spontaneous emission and absorption spectra of a driven four-level atom embedded in a double-band anisotropic PBG. We will investigate the effect of the modified reservoir (PBG or free space) on the nature of the quantum interference in the spontaneous emission and its effect on the probe absorption of a driven double V-type four-level atom. We consider the situation where the double V-type transitions of a driven atom interact with the free vacuum reservoir and a modified reservoir, respectively. The modified reservoir is considered the free vacuum or the PBG reservoir. We show that the nature of the interference in the transitions coupled to the free vacuum reservoir depends on the type of the modified reservoir and the absence or the presence of quantum interference in the transitions coupled to the modified reservoir. In section 2, we apply the time-dependent Schrödinger equation to describe the dynamics of our system and calculate the spontaneous emission and absorption spectra in the free vacuum reservoir. The general calculated results and their analysis are presented in section 3. The major conclusions are summarized in section 4.
Theory
Consider a double V-type four-level atom that consists of the upper levels |3 and |4 , and the lower levels |1 and |2 . The V-type transitions to the lower level |1 interact with the free vacuum modes, and the V-type transitions to the lower level |2 interact with a modified reservoir modes, leading to the two possible types of quantum interference (see figure 1) .
The modified reservoir can be a double-band anisotropic PBG reservoir or a free vacuum reservoir, respectively. The first case means that the atom is in the PBG material and the latter case means that the atom is in the free vacuum space rather than PBG. Moreover, the upper levels of the atom are coupled by a control field to the auxiliary level |0 . Depending on the symmetry of the auxiliary level, the coupling field can be polarized or unpolarized. Since for the single-photon transitions, the total transition probability is independent of the polarization of the incident radiation [16] , the control field can be unpolarized for the auxiliary level with the opposite symmetry of the upper levels. On the other hand, for the auxiliary level with the same symmetry of the upper levels, the single-photon transitions between the upper levels and the auxiliary level are not allowed. Therefore, the upper levels can be coupled to the auxiliary level in a two-photon transition via a polarized control field (with appropriate polarization). In the configuration shown in figure 1 , we assume that the upper levels |3 and |4 are of the same symmetry so that the single-photon spontaneous emission on the transition |4 → |3 is inhibited by the symmetry considerations. Furthermore, the lower levels |0 , |1 and |2 are of the same symmetry (opposite symmetry of the upper levels). Accordingly, the symmetry considerations prevent the single-photon spontaneous emission on the transitions |2 → |1 , |2 → |0 and |1 → |0 . For the auxiliary level |0 with the same symmetry of the upper levels, we assume that the decay rates of the lower levels |1 and |2 to the level |0 are negligible. As a physical system containing the configuration shown in figure 1 , we can mention the sodium dimer where it is used in the experimental observation of the spontaneous emission cancellation [17] . The energy level structure and the relevant quantum numbers of the sodium dimer are shown in figure 2.
In the sodium dimer, the singlet and the triplet g-parity Rydberg states (
) are mixed by spin-orbit interaction to form a series of coupled pairs. A pair of these can be used here as the upper levels |3 and |4 . The triplet state a 3 + u and the singlet state A 1 + u form the lower levels |1 and |2 , respectively. Finally, the singlet state X 1 + g can be used as the auxiliary level |0 . Here, we note that the singlet (triplet) part of the upper levels contribute to the transitions to the lower level |2 (|1 ).
The Hamiltonian describing the dynamics of the system in the interaction picture and the rotating wave approximation can be written as
Here, ω ij (i = 3, 4 and j = 1, 2) is the frequency difference between levels |i and |j ,
is the annihilation operator for the kth mode of the free vacuum reservoir with frequency ω k (the qth mode of the modified reservoir with frequency ω q ). c3 and c4 are the Rabi frequencies of the driving field. If the control field drives a two-photon transition, the Rabi frequency ci (i = 3, 4) can be expressed as [19] 
Here, the summation is over all intermediate states |m of the atom [18] . g ij λ (λ = k, q) is the coupling constant between the atomic transition from |i to |j and the λth mode of the reservoir. More precisely, g
where d ij is the atomic dipole moment unit vector for the transition |i → |j , e λ is the polarization unit vector of the radiation field, V is the sample volume and ε 0 is the permittivity of the free space. Here, k and q stand for both the momentum and polarization of the free vacuum reservoir modes and the modified reservoir modes, respectively. We assume that the initial state vector can be written as
. An ultra-short pumping laser pulse of an appropriate pulse area can prepare the initial coherent superposition state [19] . The evolution of the state vector obeys the Schrödinger equation, and the state vector at time t can be written as
We substitute this Hamiltonian into the Schrödinger equation and obtain the following set of equations:
We proceed by performing a formal time integration of equations (7) and (8), and substitute the result into equations (5) and (6) to obtain the integral-differential equationṡ
Here, G ij (t − t ) and K ij (t − t ) with (i, j = 3, 4) are the delayed Green functions with definitions
The resulting Green functions depend very strongly on the photon DOS of the relevant photon reservoirs. The DOS of the photon reservoirs can be derived as [6] 
and
for the anisotropic PBG and the free space reservoirs, respectively. Here, is the Heaviside step function, ω g1 and ω g2 are the lower and upper frequencies of the forbidden gap, respectively. Because the reservoir with modes k is Markovian, we can apply the usual Weisskopf-Wigner result [20] and obtain
where 
for the anisotropic PBG and free vacuum reservoirs, respectively. Here,
where η represents the quantum interference in transitions coupled to the modified reservoir. As above 0 η 1.0, δ j g1 = ω j 2 − ω g1 and δ j g2 = ω j 2 − ω g2 (j = 3, 4). The definitions of the parameters are
Here, α j 2 is the resonant frequency splitting [9] and γ j 2 is the effective decay rate for the transition from the upper level |j (j = 3, 4) to the lower level |2 . α 2 j 2 and γ j 2 have the same dimension of inverted seconds [6] . 7 Hz when ω g2 is in the optical regime. The aim here is to investigate the spontaneous emission properties of our system. The spontaneous spectrum S(ω λ ) for the λ mode of the spontaneous emission field is the Fourier transform of (see [22] )
We can easily show that the spontaneous emission spectrum, S(ω k ), from transitions |3 → |1 and |4 → |1 in the free vacuum reservoir can be written as
Here δ
are the Laplace transforms of a 3 (t) and a 4 (t), respectively. We proceed by taking the Laplace transforms of equations (4), (9) and (10) to obtaiñ 
Here,K ij (s) (i, j = 3, 4) is the Laplace transform of the delayed Green function K ij (t − t ), which can be expressed as
for the double-band anisotropic PBG and the free vacuum reservoirs, respectively. Besides, we can show that the weak probe absorption in the transitions from the lower level |1 to the upper levels |3 and |4 , which is described by the imaginary part of the linear susceptibility, can be written as [23] 
where N is the atomic density, 3p and 4p are the Rabi frequencies of the weak probe field δ = ω p − (ω 41 + ω 31 )/2 and ω p is the frequency of the weak probe field. By following the same steps as above and using the final value theorem, we can obtaiñ
Here, we assume that the four-level atom is initially prepared in the lower level |1 . Since the interaction between the probe field and the atom is very weak, so a 1 (t) ∼ = 1 for all times. We use the formulae obtained above and calculate the spontaneous emission and absorption spectra of the system.
Results and discussion
In order to investigate the effect of the modified reservoir on the nature of the quantum interference in the spontaneous emission from the transitions coupled to the free vacuum reservoir (|3 → |1 and |4 → |1 ), we first consider the spontaneous emission spectrum of the system as given by equations (21)-(29). In these equations, the presence or the absence of the quantum interference in the free vacuum and modified reservoirs is demonstrated by p and η, respectively. The spontaneous emission spectra from the transitions coupled to the free vacuum reservoir are quite different in the two cases of p = 1 and p = 0 due to interference. It is well known that the spontaneous emission spectrum in the case of p = 0, irrespective of the quantum interference in the modified reservoir (η), is a three-peak distribution [24] . In the case of p = 1, the interference in the free vacuum reservoir can lead to the elimination of some of the three peaks, depending on η and the type of the modified reservoir. In figure 3 , we plotted the spontaneous emission spectra from the transitions |3 → |1 and |4 → |1 for two different cases of the modified reservoir: (a) the free space reservoir and (b) the double-band anisotropic PBG reservoir.
From figure 3 , we see some similarities and differences between the two cases of the modified reservoirs. First, we realize that the quantum interference in the transitions coupled to the free vacuum reservoir (at δ k = 0) is constructive for both kinds of the modified reservoirs in the case of p = 1 and η = 1 (see the plots at position M = 1 in figure 3 ). In the presence of both kinds of the quantum interference (p = 1 and η = 1), the nature of the interference in the free vacuum reservoir is independent of the kind of the modified reservoir. In this case, the constructive interference causes the population of the upper levels transfers very effectively to the lower level |1 (at δ k = 0). Therefore, the intensity of the central peak increases at δ k = 0. On the other hand, the nature of the interference in the free vacuum depends on the type of the modified reservoir in the case of p = 1 and η = 0. If the modified reservoir is of the type of the free vacuum, the quantum interference in the transitions |3 → |1 and |4 → |1 (at δ k = 0) is destructive (see the plots at position M = 2 in figure 3(a) ). In contrast, the quantum interference is constructive if the modified reservoir is of the type of the PBG (see the plots at position M = 2 in figure 3(b) ).
This means, in the first case the population of the upper levels is trapped and cannot transfer to the lower level |1 at δ k = 0. Nevertheless, in the last case it effectively transfers to the lower level |1 . Hence, a narrow line appears at δ k = 0. Furthermore, in the absence of the quantum interference in the free vacuum reservoir (namely p = 0), the spontaneous emission spectrum, irrespective of the presence or the absence of the interference in the modified reservoir (η), has its traditional three-peak distribution (see the plots at positions M = 3, 4 in figure 3 ). In this case, the central peak of the spectrum has a nonzero value at δ k = 0, irrespective of the type of the modified reservoir and the value of η. This behaviour can be explained in terms of the dressed states of the system. From this point of view, the spontaneous emission spectrum is the consequence of decay from three dressed states of the atom-field combined system to the lower level |1 . The described features of the quantum interference are reflected on the absorption spectrum of the system, too. In figure 4 , we plotted the absorption spectra in the transitions |3 → |1 and |4 → |1 as a function of δ (the detuning of the frequency of the probe field from the middle of the two upper levels) for two different cases of the modified reservoir, (a) the free space reservoir and (b) the double-band anisotropic PBG reservoir, respectively. From the plots at positions M = 1 in figure 4 , we see the quantum interference in the free vacuum reservoir is constructive in the case of p = 1 and η = 1, irrespective of the type of the modified reservoir. Because of the constructive interference, the population of the upper levels effectively transfers to the lower level |1 and absorbs the probe field at δ = 0. Hence, a narrow absorption line appears in the absorption spectrum.
Here, as in the case of the spontaneous emission spectrum, the nature of the interference in the free vacuum reservoir depends on the type of the modified reservoir in the case of p = 1 and η = 0 (the plots at position M = 2 in figure 4 ). Since the interference in the free vacuum is destructive for the modified reservoir of the type of the free vacuum, the population of the upper levels cannot transfer to the lower level |1 to absorb the probe field at δ = 0. On the other hand, the interference in the free vacuum reservoir is constructive for the modified reservoir of the type of the PBG. Therefore, the population of the upper levels transfers to the lower level |1 and absorbs the probe field at δ = 0. Therefore, a narrow absorption line appears in the absorption spectrum. Furthermore, the plots at positions M = 3, 4 in figure 4 show that the absorption spectra are two peaks spectra in the case of p = 0 (irrespective of the value of η and the kind of the modified reservoir) [25] . These peaks are due to the absorption of the probe field in the transitions |3 → |1 and |4 → |1 .
Briefly, figures 3 and 4 indicate that the nature of the quantum interference in the free vacuum reservoir depends on the presence or the absence of the interference in the modified reservoir. In the presence of the interference in the modified reservoir (η = 1), the quantum interference in the free vacuum reservoir, irrespective of the kind of the modified reservoir, is constructive. We think both kinds of the quantum interference are responsible of this behaviour. While in the absence of the interference in the modified reservoir (η = 0), the quantum interference in the free vacuum reservoir is destructive if the modified reservoir is of the type of the free vacuum, it is constructive if the modified reservoir is of the type of the PBG. We speculate that, in this case, the nature of the quantum interference in the free vacuum reservoir depends on the DOS of the modified reservoir but further studies are needed to clarify the origin of this behaviour.
We see that the quantum interference in the free vacuum reservoir, irrespective of the presence or the absence of the interference in the modified reservoir, is constructive for the modified reservoir of the type of the PBG. Therefore, this case is suitable to control the spontaneous emission and absorption spectra and there is no need to be concerned about the quantum interference in the modified reservoir. In order to describe this concept, we plotted the spontaneous emission and absorption spectra for different detuning of the coupling field in the case that the modified reservoir is of the type of the anisotropic double-band PBG for p = 1 (figures 5 and 6). Figure 5 shows that besides the elimination of the side peaks, the intensity of the central peak can be controlled, or even eliminated, by the detuning of the control field irrespective of η (the quantum interference in the modified reservoir). Furthermore, the width of the narrow absorption line around δ = 0 can be controlled or even eliminated in this case (see figure 6 ).
Conclusion
In this paper, we treated the effect of reservoir on the nature of the interference in the spontaneous emission from a driven four-level atom. We assumed that a coherent field couples the upper levels of the atom to an auxiliary level. Moreover, the upper levels interact with the same modes of an ordinary reservoir (the free vacuum reservoir) in the transition to one of the lower levels and are coupled by the same modes of a modified reservoir (the free vacuum or the photonic band gap reservoir) in transition to the other lower level. The results show that the construction or the destruction of the interference in the free vacuum reservoir depends on the type of the modified reservoir and the absence or the presence of quantum interference in the modified reservoir. In the presence of interference in the modified reservoir, the quantum interference is constructive, irrespective of the type of the modified reservoir. However, in the absence of interference in the modified reservoir, the nature of the interference in the free vacuum reservoir depends on the type of the modified reservoir. If the modified reservoir is of the type of the free vacuum, the interference is destructive. In contrast, the interference is constructive if the modified reservoir is of the type of the PBG. We think this is because of the dependence of the nature of the interference to the DOS of the modified reservoir. We showed that the behaviour of the interference in the free vacuum reservoir is independent of the interference in the modified reservoir of the type of the PBG. Therefore, this case can be used to control the spontaneous emission and the probe absorption of the system without being concerned about the quantum interference in the modified reservoir. This kind of system promises to be applicable for a wide variety of quantum optical or nonlinear optical phenomena such as quantum information and quantum computing.
